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ABSTRACT: The 3D EM data inversion algorithms are still not widely employed because of their very high computer time-
memory requirements. The primary factor contributing to this fact is the limited efficiency of 3D forward modeling algorithm used.
Hence, significant research is being done to develop new techniques that would enhance efficiency of the 3D EM forward modeling
algorithms.  In this presentation I shall be reviewing some of these techniques. Few of these techniques have already been employed
in geophysical works while others are in use or in development stage in the fields of electrical/communication engineering.

INTRODUCTION

Maxwell, in the year 1864, founded EM modeling when
he presented what are now known as Maxwell’s equations
describing the behavior of EM fields. For the next hundred
years or so, till the advent of computers, efforts were made to
obtain, for simplified models, analytical solutions of these
equations using method of separation of variables and
asymptotic methods. In the beginning of 19th century, a major
work of interest to geophysicists was by Sommerfeld (1909)
who solved the problem of a dipole over a half space earth.
Subsequently, several workers, namely Slichter, Price,
Bhattacharya, Wait (refer Wait 1982; Weaver 1994; Kaufman
and Keller 1983), developed the solutions to layered earth
problem. DP Ghosh, WL Anderson and others developed
algorithms, based on digital filtering concepts, for efficient
evaluation of various Hankel Transform integrals present in
the analytical solutions of Maxwell’s equations (refer Ward
and Hohmann 1988).

During seventies, numerical solutions of Maxwell’s
equations for 2D earth models were obtained using Partial
Differential Equation (PDE) solvers based on Method of
Moments (MoM). MoMs comprise Differential Equation
Methods (DEM) like Finite Difference Method (FDM) and
Finite Element Method (FEM) and Integral Equation Method
(IEM). For example, the groups led by FW Jones, GW Hohmann
and D Rankin used FDM, IEM and FEM respectively (refer
Hohmann, 1988).

The first 3D Frequency Domain EM (FDEM)
algorithms were developed by Jones et. al,  Hohmann et. al,
Reddy et. al. Their algorithms were respectively based on
FDM, IEM and FEM techniques (refer Hohmann 1988). Lee et

al. (1981) presented a hybrid 3D algorithm amalgamating the
properties of IEM and FEM. Gupta et. al (1987,1989) extended
Lee’s algorithm and developed a very efficient hybrid
algorithm for both FDEM and TDEM fields. Several other
hybrid algorithms were developed which exploited the positive
features of the techniques amalgamated (refer Sarkar et. al
2002). Subsequently, several groups extended the efficiency
and versatility of these algorithms enabling simulation of Time
Domain EM (TDEM) responses (refer Hohmann 1988). During
eighties, because of their small modeling region, IEM
algorithms were more popular than the FDM-FEM ones.
However, during nineties and thereafter FDM algorithms have
gained currency. Currently, bulk of the effort is being devoted
to developing more and more efficient PDE solvers. In this
presentation I shall review some of the current approaches
being developed by various groups. Besides, in Geophysics,
efforts are being devoted to the development of approximate
but extremely fast 3D EM data inversion algorithms.

FAST PDE SOLVERS

It is evident from the sample list of Ph.D. theses (De
Leon 2000, Aruliah 2001, Hientzsch 2001, Hyde 2003), listed in
references, that lot of research is being conducted towards
the development of fast PDE solvers. The major approaches
reviewed in this presentation are : (i) Absorbing Boundary
Conditions (ABC), (ii) Perfectly Matched Layer (PML)
boundary regions, (iii) Multi-Grid (MG) –Multi-Level(ML)
algorithms, (iv) Conjugate Gradient (CG) algorithms and its
variants, (v) Preconditioners for CG and other iterative matrix
solvers, (vi) Wavelet based algorithms, (vii) Multilevel fast
MultiPole algorithms.
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ABSORBING BOUNDARY CONDITIONS AND
PERFECTLY MATCHED LAYER

The EM  modeling of earth involves an infinite domain
which need be truncated, by imposing artificial boundaries, to
a finite domain in DEMs. ABCs (Tsynkov 1998) and PMLs
(Tsynkov and Turkel 2001) are the two methodologies being
employed to truncate the boundaries so that the spurious
reflected signal is minimal. Former set of techniques chooses
spatial behavior of EM fields judiciously while the latter set
chooses right material properties so that the reflections are
minimized.

MULTIGRID - MULTILEVEL METHODS

The MG-ML methods exploit the property that any
EM field comprises fast and slow spatial variations, i.e., high
and low frequency components. By using more than one level
of discretization, the slow and fast modes can quickly be
identified using iterative solvers at the coarse and fine levels,
respectively. These components are passed back and forth
between the levels until the errors are reduced below a set
threshold. Using this technique, accurate solutions can be
obtained with far less computational efforts, because the
amount of work required in obtaining a solution is proportional
to the degree of variation among the different scales or modes
in a problem (refer Chen et. al 2001).

FAST MATRIX SOLVERS

The matrix solvers can be broadly grouped into two
classes: direct and iterative solvers. Direct solvers are useful
when the matrix equation is to be solved for several right hand
sides, e.g. during a quasi-linear inversion where Jacobian is to
be computed. However, because of their O(N3) computational
and O(N2) memory requirements these algorithms become very
demanding for any real size 3D problems. As a result iterative
algorithms like Conjugate Gradient (CG) and its variants have
become more popular (refer Barret et.al 1993).

CONJUGATE GRADIENT (CG) AND ITS VARIANTS

The conjugate gradient method generates a sequence
of conjugate or orthogonal vectors. These vectors are the
residuals of the iterates. They are also the gradients of a
quadratic function whose minimization is equivalent to solving
the linear system. Since storage for only a limited number of
vectors is required, CG is an extremely effective method when

the coefficient matrix is symmetric positive definite. For the
cases where the coefficient matrix is indefinite or non-symmetric
or comprises complex elements, lot of development has been
done and newer versions of CG have been developed. The
variants of CG developed for different types of coefficient
matrices are Minimum Residual (MINRES) and Symmetric LQ
(SYMMLQ), CG on the Normal Equations (CGNE) Generalized
Minimal Residual (GMRES), BiConjugate Gradient (BiCG),
Quasi-Minimal Residual (QMR), Conjugate Gradient Squared
Method (CGS), BiConjugate Gradient Stabilized (BiCGSTAB)
(refer Barret et. al, 1993)

PRECONDITIONERS

The convergence rate of iterative methods depends
on spectral properties of the coefficient matrix. Hence, to
enhance efficiency, one may attempt to transform the linear
system into one that is equivalent in the sense that it has the
same solution but has more favorable spectral properties. A
preconditioner is a matrix that brings about such a
transformation. The preconditioners commonly used are
Jacobi,  SSOR, Incomplete Factorization and some others (refer
Barret et. al, 1993).

WAVELET BASED ALGORITHMS

Wavelets have the characteristics that their support
is very small, i.e. they have non-zero values over a very limited
domain. This characteristics has been exploited, in two ways,
in the development of fast algorithms to solve large size EM
problems. Firstly, to approximate the unknown EM field
variables in MoMs. Such an approximation, because of small
support region of wavelets, yields a coefficient matrix with
large number of its elements being negligibly small. Secondly,
to enhance sparsity of the coefficient matrix, which is full as in
case of IEM, and thereby enhance the efficiency of the matrix
solver (refer Sarkar et. al 2002).

FAST MULTIPOLE ALGORITHMS

All iterative methods require efficient matrix-vector
product routine. A matrix-vector product requires operations
of O(N2). For the Helmholtz or the Maxwell problem, a widely
used algorithm is the MultiLevel Fast Multipole Algorithm
(MLFMA) (refer Chew et. al 2001) which performs a matrix-
vector product in O(N log N) operations. It is almost matrix-
free, requiring a memory of O(N log N).
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CONCLUSION

The techniques being used in the development of
fast algorithms exploit both the physical characteristics of
EM field behavior, e.g. in MultiGrid method, and the
mathematical concepts which allow very fast solutions with
acceptable accuracy as, for example, in Wavelet based method.
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